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基礎 
（源流） 

応用 
（奔流） 

デバイス エネルギー変換 

新量子相・新物質 

分子機能 

重点；全原子Simによる 
ウイルス分子科学 

ナノ・生体系反応制御・ 
化学反応ダイナミクス 

生体分子高次構造と機能 

光機能分子と非線形外場応答
分子の光物性 

ポリモルフ生起分子集団機能 

重点；燃料電池物質 

高性能リチウムイオン電池 

重点；水素・メタンハイドレート 
生成、安定 

太陽電池高効率長寿命化 

バイオマス酸素反応解析 

高効率エネルギー 
変換構造用材料 

ナノ構造体材料の高効率非平
衡エネルギー変換 

重点；相関の強い量子系新量子相探求とダイナミックス 重点；電子状態・動力学・熱揺らぎ融和と物質理論新 

凝縮分子科学系揺らぎとダイナミックス 

分子の微細量子 
構造予測 

分子における電子の動的
過程と多体量子動力学 

強相関電子系の 
励起ダイナミックス 

電子相間の強い物質
の新機構解明 

新しい量子相・量子臨界現象 

重点；ナノ構造電子機能予測 

電子的～機械的性質の 
マルチ・シミュレーション 

スピントロニクス、 
マルチフェロイックス材料 

光誘起電子ダイナミクスと 
光・電子機能量子デバイス 

新材料探索 

12 
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Why quantum lattice models?

• QLM: quantum spin models, bosonic Hubbard models, etc
• Effects of strong correlations in multi-degree-of-freedom systems

• various types of long-range order
• quantum disordered phase 

(quantum liquids, spin gap phases)
• phase transitions and critical phenomena

• 1st order transitions, continuous phase 
transitions, quantum critical point

• Universality
• depends on few parameters: dimensionality,

symmetry of order parameter, etc
• Powerful unbiased simulation algorithms

• quantum Monte Carlo methods
• exact diagonalization, DMRG, etc

H =
Jxy

2

∑

〈i,j〉

(S+
i S−

j + S−
i S+

j ) + Jz
∑

〈i,j〉

Sz
i Sz

j
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Deconfined critical phenomena

• Possibility of continuous phase transition between two symmetry broken 
phases ⇒ Novel critical phenomena due to quantum interference

• SU(2) symmetric NCCP1 model (Kukulov et al 2008)
  ⇒ weak 1st order?

• SU(N) J-Q model (Lou et al 2009)
  ⇒ consistent with DCP scenario

VBS$state$

SU(2)&rota+onal&
&&&&&symmetry&

Neel$state$

la2ce&rota+onal&
&&&&symmetry&

broken&

not&broken&

not&broken&

broken&

Senthil, et al (2004)

Emergence of U(1) symmetry
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Spin ladder material Na2Fe2(C2O4)3(H2O)2

• Fe2+ ions in octahedral crystal field
  ⇒ effective S=1 spins at low T

• Fitting experimental data by QMC results
  for several theoretical models (ladders, 
  dimers, etc)

2.2 Experimental methods
The magnetic susceptibilities of a single crystal of SIO

were measured at 100Oe with a superconducting quantum
interference device (SQUID) magnetometer (Quantum
Design MPMS-XL7). High-field magnetizations in pulsed
magnetic fields up to about 53 T were measured utilizing a
non-destructive pulse magnet, and the magnetizations were
detected by an induction method using a standard pick-up
coil system.

ESR measurements on a single crystal of SIO in pulsed
magnetic fields up to about 53 T were carried out using our
pulse field ESR apparatus equipped with a non-destructive
pulse magnet, a far-infrared laser, and several kinds of Gunn
Oscillators for the frequency range from about 50GHz
to about 1.6 THz. We also performed ESR measurements
of SIO in static magnetic fields up to 14 T utilizing a
superconducting magnet (Oxford Instruments) and a vector
network analyzer with some extension (ABmm). All the
experiments were carried out at KYOKUGEN in Osaka
University.

2.3 Calculation methods
The quantum Monte Carlo (QMC) method used in this

calculation is coded on the basis of a continuous-time loop
algorithm, which is one of the most efficient methods for
simulating quantum spin systems. The linear size along the
chain L is 64 in the present case, and we adopt a periodic
boundary condition in this direction, i.e., S!;iþL ¼ S!;i, where
S!;i is the spin operator at site i on the !th chain (! ¼ 1; 2). In
addition, it is ascertained that there is no size dependence.
Details of the algorithm are given in refs. 13 and 14.

The density matrix renormalization group (DMRG)
method used here is an infinite system size algorithm at
T ¼ 0. However, a conventional infinite-system method with
the total-Sz quantum number cannot be used and often fails
in the convergence of iterations, since the external field
directions in our experiments are different from the principal
axes. Therefore, we employ the improved algorithm based
on the matrix product representation of the DMRG wave-
function to obtain highly accurate magnetization process-

es.15,16) Note that the maximum number of retained bases
m is up to 50, with which sufficient convergence of the
magnetization curve can be confirmed.

3. Results

Figure 2 shows the temperature dependences of the
magnetic susceptibilities for H k a ("k) and H ? a ("?).
They show a broad peak at about 25 and 20K, respectively.
The peak "k is about three times larger than the peak "?,
which indicates a large anisotropy. In addition, although "?
shows a slight decrease with decreasing temperature below
about 20K, "k shows an upturn below about 5K.

Figure 3 shows the magnetization processes at 1.3K in
magnetic fields up to about 53 T for H k a (Mk) and H ? a
(M?). For H k a, magnetization increases gradually up to
about 5 T, then shows a steep increase up to about 10 T. On
the other hand, for H ? a, it shows a gradual increase up
to the saturation magnetization of approximately 30 T. The
linear magnetization above the saturation field with almost
identical slopes in both directions could be attributed to the
Van Vleck paramagnetism, whose susceptibility is estimated
to be about 0.01 #B/(Fe2þ#T) (¼ 0:011 emu/mol). This
value is almost the same as that of RbFeCl3.17) For an
isolated antiferromagnetic Heisenberg dimer formed by
neighboring ions on a rung, a steplike change in magnet-
ization due to level crossing is expected to be observed in

a
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c

(a)

(c)

(b)

Fig. 1. (Color online) (a) Crystal structure of Na2Fe2(C2O4)3(H2O)2.
Hydrogen and sodium atoms are omitted for clarity. Fe2þ ions are
connected by oxalate molecules and form two-leg ladders along the
a-axis, as shown by red broken lines. (b) Distorted FeO6 octahedra
bridged by oxalate ion. (c) Arrangement of the ladders in the bc-plane,
and red broken lines corresponding to rungs of the ladders.
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Fig. 2. Temperature dependences of magnetic suceptibilities of Na2Fe2-
(C2O4)3(H2O)2 at H ¼ 100Oe for H k a and H ? a.
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Fig. 3. Magnetization curves of Na2Fe2(C2O4)3(H2O)2 at 1.3K for H k a
and H ? a.
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each direction. We suggest two possible origins of the
gradual increase in M?. One is the existence of inter-dimer
interactions, namely, interactions along the leg direction. The
other is a mixing between a non-magnetic singlet ground
state and exited magnetic states caused by a large anisotropy.

The ESR spectra of a single crystal of SIO at 1.3 K in
magnetic fields up to about 53 T for H k a are shown in
Fig. 4. We observe strong and weak resonance signals
indicated by closed and open arrows, respectively, and plot
them in the frequency–field diagram, as shown in Fig. 5.

4. Analyses and Discussion

4.1 Two-leg ladder model
It is well known that the lowest three states of the Fe2þ ion

in an octahedral crystal field are well separated from the
other excited states owing to the crystal field and spin–orbit
coupling. Thus, the magnetic properties of Fe2þ can often be
described by a fictitious spin S ¼ 1 with anisotropic g values
and exchange interactions at low temperatures.18,19) In this
case, the spin Hamiltonian of a two-leg ladder model is
written as

H ¼ J1
X

i

ðSz1;i $ S
z
2;i þ !Sy1;i $ S

y
2;i þ !Sx1;i $ S

x
2;iÞ

þ J2
X

i

X

"

ðSz";i $ S
z
";iþ1 þ !Sy";i $ S

y
";iþ1 þ !Sx";i $ S

x
";iþ1Þ

þ
X

i

X

"

#BS";i ~ggH; ð1Þ

where the inter- and intrachain exchange constants are J1
and J2 (J1, J2 > 0, antiferromagnetic), respectively, ! < 1
the anisotropy constant, assuming identical ! values are used
for not only the x- and y-components but also the intra- and
interchain interactions, #B the Bohr magneton, ~gg the g-
tensor, and H the external magnetic field. We define R as
R ¼ J2=J1. The diagonal components for the principal axes
of the g-tensor are gx, gy, and gz, and the off-diagonal
components are zero. We consider that the a-axis of the SIO,
similarly to that of SCO, is tilted from the magnetic principal
axes.8) We define the angles between the a-axis and the
principal axes as shown in Fig. 6(a).

Figures 6(a) and 6(b) show the calculated results of
magnetic susceptibilities and magnetizations obtained by
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Fig. 4. (Color online) ESR spectra of Na2Fe2(C2O4)3(H2O)2 at 1.3K for
H k a. The closed and open arrows indicate the strong and weak signals,
respectively.
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Fig. 6. (Color online) (a) QMC calculations of magnetic susceptibility for
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the QMC and the DMRG methods, respectively. For
these calculations, we use the following parameter values,
gz ¼ 4:7, gx ¼ 2:0, gy ¼ 2:5, ! ¼ 0:30, and R ¼ 0:1{0:5 for
H k a (" ¼ 24", ’ ¼ 90") and H ? a (" ¼ 102", ’ ¼ 45").
The principal axis directions and their g-values are deter-
mined from the saturation magnetizations and the slopes of
the ESR resonance modes in the following isolated dimer
model analysis. In these field directions, the two sites of the
ladder are magnetically equivalent. In the calculation, we
add the temperature-independent Van Vleck paramagnetism
to both #k and #?. The calculated results do not reproduce
the experimental ones well, especially the upturn of #k
at approximately 5K. In Fig. 6(b), the Van Vleck para-
manetic contributions are subtracted from both Mk and M?.
We find a small anomaly at half of the saturation magnet-
ization of R ¼ 0:1 calculated for H k a, which can be
considered to originate from a 1/2 magnetization plateau.
The calculated results also poorly explain the experimental
ones, particularly the steep change in Mk at approximately
5 T.

4.2 Isolated dimer model
In this section, we analyze the experimental results of SIO

in terms of an isolated dimer model by taking into account
not only the anisotropy of the exchange interactions but
also single-ion anisotropies (D and E). Then, the spin
Hamiltonian is expressed as

H ¼ J1ðSz1S
z
2 þ !Sx1S

x
2 þ !Sy1S

y
2Þ þ D

X

$

ðSz$Þ
2

þ E
X

$

½ðSx$Þ
2 ' ðSy$Þ

2( þ
X

$

%BS$ ~ggH: ð2Þ

As shown in Fig. 7, we obtain good agreement between the
experimental and calculation results using the following
parameters, J1=kB ¼ 20K, ! ¼ 0:20, D=kB ¼ '22K, and
E=kB ¼ 4:8K. The g-values and the angles " and ’ are the
same as those in the case of the two-leg ladder model, and
Van Vleck paramagnetic contributions are also considered.
We confirmed that these anisotropic parameters are almost
consistent with theoretical evaluations for the Fe2þ ion in an
octahedral field based on the crystal field theory.19) Such a
large anisotropy was also reported for several compounds
with Fe2þ ions.20) These results well reproduce the upturn of
#k at approximately 5K and the steep change in Mk at about
5 T. The slight deviations in the magnetic susceptibilities in
the higher-temperature region are considered to be contrib-
uted by higher excited states with different effective total
angular momenta, which is not included within the frame-
work of the fictitious spin 1.

Figure 8 shows the calculated energy branches for H k a.
Energy levels of the dimer with S ¼ 1 are split into a quintet,
a triplet, and a singlet state. We define the eigenstate as
jS; Szi. However, these energy levels are strongly mixed by
the large anisotropy. We can see the mixing between the
non-magnetic singlet state j0; 0i and the exited magnetic
state j2;'2i. This results in the upturn of #k and the steep
change in Mk at approximately 5 T. From the energy
branches, we calculate ESR resonance modes. Since the
ESR measurements were conducted at a sufficiently low
temperature of 1.3 K, only the ESR transitions from the
ground state are mainly observed. Taking the ESR selection

rule into account, we obtain five resonance modes, as shown
in Fig. 5, which correspond to transitions from the singlet
ground state to the quintet states indicated by arrows in
Fig. 8. These transitions are usually forbidden. However, the
mixing of the states makes them observable. The agreement
between the experimental and calculation results is satisfac-
tory, and we consider that several resonances that deviated
from the main resonance branches must have come from the
transitions between the exited states.
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Fig. 7. (Color online) Comparison between the experimental and calcu-
lated results obtained using an isolated dimer model for (a) magnetic
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Supersolid in extended Bose-Hubbard model

• Interacting soft-core bosons

• Supersolid = co-existence of
  diagonal long-range order (=solid) and
  off-diagonal long-range order (=superfluid) 

• Experimental realization: optical lattice

successive transitions of superfluid and solid for !t /U
=0.045,! /U=0.7". As was seen in the SSE simulation, here
we find again the suppression of the solid order by the su-
perfluid fraction. Namely, S" has a cusp at the superfluid
transition point. We also depict the phase diagram and com-
pare that to that of SSE !Fig. 8". They show a qualitatively
good agreement, e.g., there is the tetracritical point !tc ,Tc"
and the critical temperatures TS"

and T#s
are suppressed by

appearance of the other order as mentioned before.
Let us study the competition between the solid and super-

fluid orders by analyzing the Ginzburg Landau !GL" free
energy. Since the order parameters m and $ take small value
in the vicinity of the tetracritical point, the GL free energy is
expressed as

F = am2 + bm4 + c$2 + d$4 + hm2$2. !13"

When a becomes zero at TS"
#a$a0!T−TS"

"% with a positive
b, the second-order transition between the normal solid and
normal liquid phases takes place, and similarly when c be-
comes zero at T#s

#c$c0!T−T#s
"% with a positive d, the

second-order transition between the superfluid and normal
liquid phases takes place. The fifth term represents the com-

petition between the solid and the superfluid order. If h
equals zero, the transition of the solid phase and that of su-
perfluid take place independently at TS"

and T#s
, respectively.

If h is positive, the presence of the superfluid order lowers
the transition temperature of solid. Below the tc, the solid
order emerges first as temperature decreases. Then, the su-
perfluid order appears at the modified transition temperature
T#s
! which is smaller than the original one

T#s
! % T#s

−
a0h/2bc0

1 − a0h/2bc0
!TS"

− T#s
" % T#s

. !14"

In the same way, the solid order lowers the transition tem-
perature of superfluid. The decrease of the transition tem-
peratures becomes large when h becomes large and this
means the shrinkage of the supersolid region. Thus, h repre-
sents the competition between the solid and the superfluid
orders.

As a final part of this section, we discuss the effect of
on-site repulsion on the coexistence of solid and superfluid
orders. As has been mentioned, the SS phase does not exist
in the ground-state !-t phase diagram for the hardcore case
which corresponds to the limiting case of infinite U. There-
fore we expect that the supersolidity is suppressed when the
on site repulsion U becomes large. We depict the t-T phase
diagram for various values of U in Fig. 9 obtained by MF.
Here, we use zV as the unit of energy instead of U because
now we want to study the effect of U. In Fig. 9, we find that
the SS region becomes narrower as U increases. Finally, the
supersolid region disappears completely in the hardcore limit
U→&, where a first-order transition between solid and su-
perfluid phases takes place. Thus, we conclude that U, i.e.,
the hardness of the particle, suppresses the coexistence of the
two orders.

VI. DISCUSSION AND SUMMARY

We studied properties of supersolid state in three-
dimensional extended Bose-Hubbard model by using SSE
simulation and MF analysis. First we studied the ground-
state phase diagram. There we found the existence of super-
solid phase in the region of #%1 /2. We confirmed that this
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SUCCESSIVE PHASE TRANSITIONS AT FINITE… PHYSICAL REVIEW B 79, 094503 !2009"

094503-5

sity !"1 /2. Therefore we confirm the existence of the su-
persolid phase in the region of !"1 /2.

V. PHASE TRANSITIONS AT FINITE TEMPERATURES

Now, we study the ordered states at finite temperatures.
The phase transition between the normal liquid phase and the
solid phase is expected to belong to the universality class of
the Ising model because the phase transition occurs in the
spontaneous symmetry breaking of the order parameter with
the symmetry of Z2. On the other hand, the phase transition
of superfluid is expected to belong to the XY universality
class because the order parameter has the symmetry of U!1".
In this section, we study the temperature dependence of these
order parameters.

A. Stochastic series expansion

First, we show the results obtained by SSE. The simula-
tions were performed in the grand canonical ensemble using
a system sizes N=103 and N=123.

We plot the order parameters of solid, S#, and that of
superfluid, !s, as a function of temperature for various values
of t. In Fig. 5!a", we show the transition from normal liquid
to normal solid for t /U=0.02 in which only S# appears con-
tinuously. In the same way, the transition from normal liquid
to superfluid for t /U=0.08 is depicted in Fig. 5!b". For
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order for t /U=0.055 !not shown".

In Fig. 6, we depict a phase diagram in the coordinate of
!t /U ,T /U" for the fixed values V /U=1 /z and $ /U=0.7. The
transition temperatures of the solid state TS#

are plotted by
solid circles and those of the superfluid state T!s

are plotted
by open circles. To determine the transition temperatures for
each value of t, we use the method of the Binder parameter27

of the systems with L=10 and 12. In Fig. 6, there are four
different phases: NL, NS, SF, and SS. These phases meet at a

tetracritical point !tc ,Tc". The competition of solid and super-
fluid orders is also found in the phase diagram !Fig. 6".
Namely, above tc, the transition temperature of solid is
smaller than that of smooth extension of TS#

from t" tc.
Therefore we conclude that TS#

is suppressed from that of
the case in which the superfluid would not order. Similarly,
below tc, the transition temperature of superfluid is smaller
than that of the case in which the solid would not order.

B. Mean-field analysis

Here, we calculate the temperature dependence of order
parameters by making use of MF. In Fig. 7, we show the
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FIG. 5. Temperature dependence of order parameters obtained
by SSE !V=U /z". !a" !t /U=0.02,$ /U=0.7": normal liquid-normal
solid transition. !b" !t /U=0.08,$ /U=0.7": normal liquid-superfluid
transition. !c" !t /U=0.045,$ /U=0.7": normal liquid-normal solid
transition and normal solid-supersolid transition.
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II. MODEL

We analyze the extended Bose-Hubbard Hamiltonian on a
cubic lattice

H = − t!
"ij#

$ai
†aj + aiaj

†% + V!
"ij#

ninj

+
1
2

U!
i

ni$ni − 1% − !!
i

ni, $1%

where ai
† and ai are the creation and annihilation operators of

a boson $&ai ,aj
†'="ij% and ni=ai

†ai. The parameter t denotes
the hopping matrix element, U and V are the on-site and
nearest-neighbor repulsions, respectively, and ! is the
chemical potential. The notation "ij# means the sum over the
nearest-neighbor pairs. The system size is N=L3, where L is
the length of the system. The order parameter of the solid
state is

S# =
1

N2!
jk

eiQ·$rj−rk%"njnk# , $2%

where Q= $# ,# ,#% is the wave vector that represents the
staggered order. As for the order parameter of the superfluid
state, we adopt Bose-Einstein condensation fraction

$k=0 =
1

N2!
jk

"aj
†ak + ak

†aj# $3%

in the mean-field analysis, while in the SSE simulation we
adopt the superfluidity $s for the convenience of numerical
calculation. The expression of $s is given in Sec. III. Al-
though these two quantities are not the same, both of them
describe the off-diagonal long-range order $ODLRO% and are
considered to represent the same qualitative nature of the
superfluidity.

III. METHODS

We use the following two different methods to analyze
properties of the system.

A. Stochastic series expansion

We perform numerical simulation of the SSE, which was
invented by Sandvik.15,16 This method is one of quantum
Monte Carlo $QMC% simulations and has been successfully
applied for various quantum systems. In order to avoid the
clusterization due to diagonal frustration, we adopt the gen-
eralized directed loop algorithm.17 We use a package of
the Algorithms and Libraries for Physics Simulations
$ALPS%.18,19 We adopt a simple-cubic lattice of N=L3 sites
with periodic boundary conditions along all the lattice axes.
In the simulation, instead of the condensation fraction $k=0
&Eq. $3%', we calculate superfluidity $s using the winding
number W of world lines20,21

$s =
"W2#
3t%L

, $4%

where % is the inverse temperature.

B. Mean-field approximation

We also analyze the ordering processes by the MF
approximation.22 In order to study the solid state, we use a
sublattice structure which is characterized by a staggered or-
der of the density. Here we adopt mean fields for the solid
order and superfluid order at sublattices A and B. The Hamil-
tonian for this MF is given by

HMF = HA + HB + C , $5%

HA = − zt$aA
† + aA%&B + zVnAmB +

U

2
nA$nA − 1% − !nA,

$6%

HB = − zt$aB
† + aB%&A + zVnBmA +

U

2
nB$nB − 1% − !nB,

$7%

C = 2zt&A&B − zVmAmB, $8%

where z$=6% is the number of nearest-neighbor sites. Here,
mA and mB are the mean fields corresponding to the expec-
tation values of the number operators for A and B sites, re-
spectively,

mA = "nA# and mB = "nB# . $9%

Similarly, &A and &B correspond to the expectation values of
the annihilation operators for A and B sites, respectively,

&A = "aA# and &B = "aB# . $10%

Here, the expectation values are taken over the ground state
in the case of T=0. In the finite temperature case, these rep-
resent the thermal averages.

HA $HB% is a mean-field Hamiltonian at a site of the A $B%
sublattice. C is a correction term compensating the double
counting of the energy.

In the finite temperature case, the partition function and
the free energy are given by

ZMF = Tr$e−%HMF% , $11%

FMF = −
1
%

ln ZMF. $12%

In MF, m($mA−mB% /2 denotes the order parameter of solid
and fulfill the relation S#=m2. Similarly, &($&A+&B% /2
represents the order parameter of superfluid and fulfill the
relation, $k=0=2&2, according to Eq. $3%.

IV. GROUND-STATE PROPERTIES

Before analyzing properties at finite temperatures, let us
summarize the ground-state properties. As has been reported,
the system may have the supersolid phase in the ground state
when U takes a finite value.14,23 In Fig. 1, we show the
ground-state phase diagram in the coordinate of $t /U ,! /U%
obtained by MF method. As for the supersolid state in the
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多体量子系のためのアルゴリズム

• 最近20年の進展
• 厳密対角化、Lanczos法
• 補助場量子モンテカルロ法 Scalapino, Hirsh, Sorella, Imada

• 密度行列繰り込み群法  White

• 動的平均場近似とその拡張  Kuramoto, Metzner, Vollhardt, Kotliar

• 変分モンテカルロ法  Gros, Yokoyama, Shiba, Sorella, Ogata

• 経路積分繰り込み群法  Kashima, Imada

• ガウス基底モンテカルロ法  Gorney, Drummond, Assaad, Troyer, Imada

• 第一原理計算との融合  Kotliar, Georges, Aryasetiawan, ...

• クラスターアルゴリズム量子モンテカルロ法 Evertz, Kawashima, Todo, ...
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World-line QMC for lattice models

• Progress since 1990s
• Direct simulation in imaginary time continuum
• Alternative representation based on high-temperature expansion (SSE)
• Simulation in grand-canonical ensemble
• Solving critical slowing down by cluster updates (loop algorithm, etc)
• Worm (directed-loop) updates for systems with less symmetries
• Large spin size S ≥ 1, bosons
• Off-diagonal correlation functions
• Solving negative sign problem (only for very special models)
• Extended ensemble Monte Carlo method (quantum Wang-Landau)
• Order-N method for long-range interaction
• Non-trivial parallelization of loops using MPI and OpenMp
• Using balance-condition instead of DBC
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「量子モンテカルロ」とは何か?

• 次の式を評価したい

• ただし、H も A も超巨大な行列 (次元 ～           )

• テイラー展開の第 n 次の項を考える

• この中に現われる                 個の項を確率的にサンプリング
• それぞれの項は、ある種の「経路」(path)を表す

�A� =
tr[A exp(��H)]
tr[exp(��H)]

10106

trHn =
�

i1

�

i2

· · ·
�

in

Hi1,i2Hi2,i3 · · ·Hin,i1

5

5

3

3

6

6

1
1

4

4

(10106
)n
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連続虚時間ループアルゴリズム量子モンテカルロ法
(Continuous imaginary-time loop algorithm quantum Monte Carlo method)

• 虚時間経路積分により d+1 次元古典系に焼き直す (世界線表示)

• クラスター(ループ)アルゴリズムによる非局所更新 - 緩和は非常に速い

• 実際にプログラムの内部で行っていること
• 指数分布に従って、一定密度で「横木」を生成
• Union-Find アルゴリズムを使って、全てのクラスター(ループ)を認識

o = 0

o = `

13



One Monte Carlo step in loop algorithm

labeling

world-line configuration graph loops next configuration

cluster

identification loop flip

parallelization of loop algorithm is nontrivial!

• insertion of operators/cuts with constant density ⇒ Poisson process

• cluster identification ⇒ non-local operations on trees/lists

• cf) conventional local flip is easy to parallelize, but is suffered from 
critical slowing down ~(system size)2

14



• distributing world-line configuration to several processors

• (d+1)-dimensional lattice is split into Np slices with equal 
imaginary time thickness

• labeling process can be performed independently on each 
process

Parallelization of loop algorithm
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• binary-tree algorithm for cluster identification

• overhead of parallelization is

(negligible at very low temperatures) 

Parallelization of loop algorithm

(N log Np)/
�N�

Np

⇥
= Np log Np/�
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Further Optimization

• Introduction of butterfly-type communication
• eliminates overhead in distribute process
• majority vote trick to determine loop

directions with minimum communication
• efficient for high-dimensional torus

• Reduction of number of stages
• ‘bucket brigade’ adjacent communication
• effective for low-dimensional torus

• Hybrid parallelization with MPI and OpenMP
• multi-thread parallelization with Open MP
• inter-node parallelization with MPI
• reduces memory and communication overhead in each node
• fine-grained parallelization of cluster identification by introducing 

asynchronous wait-free union-find algorithm

stage 0 stage 1 stage 2

unify update unify update unify update

rank 7

rank 6

rank 5

rank 0

rank 1
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rank 4

rank 7
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Asynchronous wait-free union-find algorithm
1.find root of each cluster/tree

2.unify two clusters

3.compress path to the new root

•locking whole clusters (e.g. by using 
“omp critical”) is too expensive

•finding root and path compression are 
“thread-safe”

•wait-free unification by using CAS 
(compare-and-swap) atomic operation

 1

 2

 3

 4

 5

 6

 7

 8

 1  2  3  4  5  6  7  8

sp
ee

d 
up

number of threads
18



並列化チューニング状況

• 京におけるチューニング状況

• ウィークスケーリング：24576ノード:12288ノード = 98.66%

• MIPS値：0.164 PIPS (理論ピーク性能の10.4%)

• FLOPS値：7.63 TFLOPS (理論ピーク性能の 0.243%)

ノード数 24576 82944
通信時間 13.7% 15%

並列化オーバーヘッド 54.4% 58%

京フルシステムでの並列性能推定
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• マイルストーン：S=5 反強磁性ハイゼンベルグ鎖の量子モンテカルロ計算   

→ 相関長 ～ 2×105、エネルギーギャップ ～ 5 × 10-5                                  

→ 膨大な数の頂点からなるランダムグラフ中の全ての連結成分の識別問題
• 頂点・辺の数 ～ 1013、クラスター数 ～ 1012

• 線形演算ではなく、並列グラフ処理により量子統計物理の重要問題を解く
• Graph500 の “Large” ～ “Huge” 問題サイズ(メモリ 0.14～1.1PB)に匹敵

• 2011/11の Graph500 では最大でも“Medium” サイズ(メモリ 17TB)

• TOP500の一位の「京」フルノードでしかできない非自明並列化
• 単なるベンチマークだけでなく、フルノードを使ったプロダクション
ラン(平衡状態のシミュレーション)

• ハイブリッド並列化による高速化 ～ 105

• ループアルゴリズムによる高速化 ～L2～ 1014  ⇒  実質的には 1019 の高速化

ALPS/looper による「京」全系計算
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The ALPS project

• International collaboration for developing open-source softwares for 
simulation of quantum lattice models, such as quantum spin systems, 
electron systems, etc

• ALPS Libraries = collection of generic

C++ libraries

• ALPS Applications = collection of 

application packages using modern 

algorithms such as QMC, DMRG, ED, etc 

• ALPS Framework = environment for 

executing large-scale parallel simulations 

including XML schemas, tools, scheduler, etc

ALPS = Algorithms and Libraries for Physics Simulations

Parameter XML Files

Outputs in XML Format

Quantum Lattice Model

Quantum Monte Carlo Exact Diagonalization DMRG

Lattice XML File Model XML File

http://alps.comp-phys.org/
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ALPSプロジェクトの目標

• 計算物性物理の現状
• 研究グループ毎にそれぞれ異ったコード
• シミュレーションを行なう模型毎に異ったコード
• アルゴリズムはますます複雑に
• 互換性のない入出力形式

• ALPSプロジェクトの目標
• 最新のアルゴリズムを用いた ”community code” の開発
• 大規模並列計算などのためのC++ライブラリ・フレームワーク開発
• 統一入出力形式の提案とそれにもとづくデータ解析ツールの作成
• 計算物理の専門家だけでなく、理論家・実験家にも使えるシミュレー
ションソフトウェア
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A Simulation using ALPS

parameter2xml
tool

application programs

Python based evaluation tools

Parameter XML File

Outputs in HDF5 & XML

Quantum Monte Carlo

Quantum Lattice Model

Exact Diagonalization DMRG

Lattice XML File
square lattice

<LATTICES>
  <LATTICE name="square lattice" dimension="2">
    <PARAMETER name="a" default="1"/>
    <BASIS><VECTOR>a 0</VECTOR><VECTOR>0 a</VECTOR></BASIS>
  </LATTICE>
  <UNITCELL name="simple2d" dimension="2">
    <VERTEX/>
    <EDGE>
      <SOURCE vertex="1" offset="0 0"/>
      <TARGET vertex="1" offset="0 1"/>
    </EDGE>
    <EDGE>
      <SOURCE vertex="1" offset="0 0"/>
      <TARGET vertex="1" offset="1 0"/>
     </EDGE>
  </UNITCELL>
  <LATTICEGRAPH name="square lattice">
    <FINITELATTICE>
      <LATTICE ref="square lattice"/>
      <EXTENT dimension="1" size="L"/>
      <EXTENT dimension="2" size="L"/>
      <BOUNDARY type="periodic"/>
    </FINITELATTICE>
    <UNITCELL ref="simple2d"/>
  </LATTICEGRAPH>
</LATTICES>

(0,0)

(0,1)

(1,0)

<MODELS>
  <BASIS name="spin">
    <SITEBASIS name="spin">
      <PARAMETER name="local_S" default="1/2"/>
      <QUANTUMNUMBER name="S" min="local_S" max="local_S"/>
      <QUANTUMNUMBER name="Sz" min="-S" max="S"/>
      <OPERATOR name="Sz" matrixelement="Sz"/>
      <OPERATOR name="Splus" matrixelement="sqrt(S*(S+1)-Sz*(Sz+1))">
        <CHANGE quantumnumber="Sz" change="1"/>
      </OPERATOR>
      <OPERATOR name="Sminus" matrixelement="sqrt(S*(S+1)-Sz*(Sz-1))">
        <CHANGE quantumnumber="Sz" change="-1"/>
      </OPERATOR>
    </SITEBASIS>
  </BASIS>
  <HAMILTONIAN name="spin">
    <PARAMETER name="J" default="1"/>
    <PARAMETER name="h" default="0"/>
    <BASIS ref="spin"/>
    <SITETERM>
      -h * Sz(i)
    </SITETERM> 
    <BONDTERM source="i" target="j">
      J * (Sz(i)*Sz(j) + (Splus(i)*Sminus(j)+Sminus(i)*Splus(j)))/2
    </BONDTERM>
  </HAMILTONIAN>
</MODELS>

Model XML File

H = J
< i,j>

[ Sz
i
S
z

j
+ ( S

+

i
S
-

j
+ S

-

i
S
+

j
)/ 2 - h

i

S
z

i
]Y Y

Plots

Parameter File
LATTICE = "square lattice"
MODEL   = "spin"
L       = 16
Jxy     = 1
Jz      = 2
SWEEPS  = 10000
THERMALIZATION = 1000

{ T = 0.1 }
{ T = 0.2 }
{ T = 0.5 }
{ T = 1.0 }

DMFT
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ALPS Lattice XML

<LATTICE name="chain lattice" dimension="1">
  <BASIS><VECTOR> 1 </VECTOR></BASIS>
</LATTICE>

<UNITCELL name="simple1d" dimension="1" vertices=”1”>
  <EDGE>
    <SOURCE vertex="1" offset="0"/><TARGET vertex="1" offset="1"/>
  </EDGE>
</UNITCELL>

<LATTICEGRAPH name = "chain lattice">
  <FINITELATTICE>
    <LATTICE ref="chain lattice"/>
    <PARAMETER name=”L”/>
    <EXTENT size ="L"/>
    <BOUNDARY type="periodic"/>
  </FINITELATTICE>
  <UNITCELL ref="simple1d"/>
</LATTICEGRAPH>

periodic chain with length L
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Model XML for describing Hamiltonian

<HAMILTONIAN name=”spin”>
  <PARAMETER name=”Jz” default=”J”/>
  <PARAMETER name=”Jxy” default=”J”/>
  <PARAMETER name=”J” default=”1”/>
  <PARAMETER name=”Jz'” default=”J'”/>
  <PARAMETER name=”Jxy'” default=”J'”/>
  <PARAMETER name=”J'” default=”0”/>
  <PARAMETER name=”h” default=”0”/>
  <BASIS ref=”spin”/>
  <SITETERM site=”i”> -h * Sz(i) </SITETERM> 
  <BONDTERM type=”0” source=”i” target=”j”>
    Jz * Sz(i) * Sz(j) + Jxy * (Splus(x)*Sminus(y)+Sminus(x)*Splus(y)) / 2
  </BONDTERM>
  <BONDTERM type=”1” source=”i” target=”j”>
    Jz' * Sz(i) * Sz(j) + Jxy' * (Splus(x)*Sminus(y)+Sminus(x)*Splus(y)) / 2
  </BONDTERM>
</HAMILTONIAN>

XXZ spin model with two types of bonds (e.g. nearest and next nearest neighbor interactions)

H =
∑

〈i,j〉

[JzS
z
i Sz

j +
Jxy

2
(S+

i S−
j + S−

i S+
j )] −

∑

i

hSz
i
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generic	 C++

numerics

domain-specific
libraries

applications

tools

C	 /	 Fortran 	 BLAS	 	 	 	 	 LAPACK	 	 	 	 	 MPI

graph serialization	 	 	 XML/XSLT

iterative	 eigenvalue	 solverrandom	 	 	 ublas

lattice	 	 	 model	 	 	 observables	 	 	 scheduler

MC	 	 	 	 	 QMC	 	 	 	 	 	 ED	 	 	 	 	 	 DMRG

XML	 manipulation	 	 	 	 	 GUI	 	 	 	 	 database	 	 

Boost	 library

ALPS framework and “K Computer”

ALPS/parapack library

ALPS/looper library

• multiple-level 
parallelization

• adaptors for  extended 
ensembles

• parallelization within MCS
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ALPSの展開

• 上方展開 (大規模化・高性能化・並列化)

• 中核アプリ「大規模並列量子モンテカルロ法」(ALPS/looper) の高度化

• 高並列スケジューラ(ALPS/parapack)のハイブリッド多重並列化

• Fortran, C プログラムのための API 作成

• 下方展開

• 実験家・理論家による幅広い利用を視野に

• Windows/Macintosh 用バイナリインストーラの開発

• ワークフロー・履歴管理システムとの統合

• GUI (グラフィカルユーザインターフェース)の開発

• マニュアル・チュートリアルの日本語化
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Windows, Mac OS X 用バイナリインストーラ

for Mac OS X

for Windows
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ワークフロー・履歴管理システムとの統合

http://www.vistrails.org/
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ALPS version 2.1 & ALPS/looper version 4.0
• JSTAT, P05001 (2011)
The ALPS project release 2.0:
open source software for strongly correlated systems
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• http://alps.comp-phys.org/

• http://wistaria.comp-phys.org/alps-looper/
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基礎 
（源流） 

応用 
（奔流） 

デバイス エネルギー変換 

新量子相・新物質 

分子機能 

重点；全原子Simによる 
ウイルス分子科学 

ナノ・生体系反応制御・ 
化学反応ダイナミクス 

生体分子高次構造と機能 

光機能分子と非線形外場応答
分子の光物性 

ポリモルフ生起分子集団機能 

重点；燃料電池物質 

高性能リチウムイオン電池 

重点；水素・メタンハイドレート 
生成、安定 

太陽電池高効率長寿命化 

バイオマス酸素反応解析 

高効率エネルギー 
変換構造用材料 

ナノ構造体材料の高効率非平
衡エネルギー変換 

重点；相関の強い量子系新量子相探求とダイナミックス 重点；電子状態・動力学・熱揺らぎ融和と物質理論新 

凝縮分子科学系揺らぎとダイナミックス 

分子の微細量子 
構造予測 

分子における電子の動的
過程と多体量子動力学 

強相関電子系の 
励起ダイナミックス 

電子相間の強い物質
の新機構解明 

新しい量子相・量子臨界現象 

重点；ナノ構造電子機能予測 

電子的～機械的性質の 
マルチ・シミュレーション 

スピントロニクス、 
マルチフェロイックス材料 

光誘起電子ダイナミクスと 
光・電子機能量子デバイス 

新材料探索 

12 
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CMSIで開発中のアプリケーション (41本)
• 第1部会

• MACE, DDMRG, 2D-Extended-DMRG, ALPS/looper, GELLAN, MC-
MOZ, GAMESS拡張

• 第2部会
• RSDFT, CONQUEST, RS-CPMD, RSPACE, Multi-probe electron transport 

simulator, hybridQMCL, PIQUANDY, CPVO, HiLAPW, OpenMX, TC++, 
CASINO, QMAS, xTAPP, FEMTECK　

• 第3部会
• modylas, GAMESS-FMO, REM, PIMD, ermod, DC, Direct SAC-CI　

• 第4部会
• STATE, TOMBO, feram, CP2K, MoIDS, CPMD, BigDFT, 3D-RISM, 

Amber9拡張, Machikaneyama2002, HiRUNE

• 他
• hnpack, NANIWA 赤: ナノGC中核アプリ(6), 太字: 京で試験利用中(29)
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物質科学分野の代表的なアルゴリズム

• 密度汎関数法 (平面波基底、実空間基底)、第一原理分子動力学法、時間依存密
度汎関数法、 実空間・実時間電子電磁場ダイナミクス法、分子動力学 (短距離
相互作用、長距離相互作用)、モンテカルロ法 (古典、量子)、量子化学計算、厳
密対角化

• 物質科学のアプリケーションの特徴
• 相関の強い系の平衡状態・定常状態・アンサンブルに興味がある (1トラジェ
クトリの計算だけではだめ)

• シミュレーションする系の次元は3次元に限らない。量子的な相関など、空
間的に局所的であるとも限らない

• 遠くの相関を取り込む/平衡状態にたどりつくための工夫として、非局所的な操
作/演算が多くの場合必要

• メモリバンド幅を要求するアプリケーションが多い
• 大域通信・バタフライ型通信など高次元のネットワークを要求するものも多い
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「サイエンス・モデル」と開発環境

• 計算物質科学では、少数のコミュニティーコードではなく、むしろ研究グ
ループ毎に多数のコードが存在 → 新しい手法・アルゴリズムがどんどん試
されている

• 「スモールサイエンス」的な要素も強い
• 現象から「有効模型」の抽出 ～ 様々なアイデアにもとづいたアルゴリ
ズムの開発 ～ プログラミング ～ シミュレーションの実行 ～ 結果の解
析～「有効模型」へのフィードバックをごく少人数で

• 「ギリギリのチューニングをしてxx%」ではなく「3ヶ月でyy%の実効効
率」が出せるような開発環境が重要

• PC ～ クラスタ ～ スパコン ～ 京 ～ 次世代へのシームレスな環境が必要
• 「京」のような大規模なスパコンを使いこなすためには、ソフトウェア開発
においても個人を越えて組織的に進めることが今後不可欠に
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Summary & Outlook

• HPCI戦略プログラム分野2 <新物質・エネルギー創成> CMSI

• 強相関量子多体系研究のフロンティア
• 新量子相と量子臨界相の探求・解明

• 量子モンテカルロの概要・並列化・大規模化
• 整数演算・グラフアルゴリズムの重要性
• 計算機の性能向上 + アルゴリズムのブレークスルーによる相乗効果
• ALPSプロジェクト

• 物質科学分野のアプリケーション
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